International Journal of Theoretical Physics, Vol. 46, No. 5, May 2007 (© 2007)
DOI: 10.1007/s10773-006-9268-z

Noether-Symmetry Analysis using Alternative
Lagrangian Representations

Benoy Talukdar,'** Amitava Choudhuri,! and U. Das?

Received July 28, 2006, accepted: September 14, 2006
Published Online: January 25 2007

We have sought to work with an approach to Noether symmetry analysis which uses
the properties of infinitesimal point transformations in the space-time (g, t) variable
to establish the association between symmetries and conservation laws of a dynamical
system. In this approach symmetries are expressed in the form of generators. We have
studied the variational or Noether symmetries of two uncoupled Harmonic oscillators
and two such oscillators coupled by an interaction. Both these systems can have alterna-
tive Lagrangian representations. We have studied in detail how the association between
symmetries and conservation laws changes as one alters the analytic or Lagrangian
representation. This analysis is carried out with a view to explicitly demonstrate that
the correlation between symmetry transformation and corresponding invariant quantity
depends crucially on the choice of the analytic representation.
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1. INTRODUCTION

In the simplest problem of variational calculus one attempts to find a path

E = E in the velocity-phase space along which the action functional

W(E) = /ZL(q, q, t)dt

is an extremum. By the term velocity-phase space we mean the space (g, ¢)
where ¢ is a generalized coordinate and ¢ = ‘%, the generalized velocity. In the
newtonian context, the functions L (¢, ¢, t) are of at least class £* in a region
R?*1 and are often called the admissible Lagrangians (Santilli, 1978). We note
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that the real-valued functions F; are of class £ in aregion R***! when they posses
continuous partial derivatives (with respect to the arguments) upto and including
the order m everywhere in R¥*1.

Two admissible Lagrangians are called equivalent iff they are proportional
to and/or differ by a guage function. Otherwise, they are called alternative or
inequivalent. Evolution of many natural processes admits alternative Lagrangian
representations. Interestingly, description of physical systems using alternative
Lagrangians can have deep consequences on the further devlopement of the theory.
For example, one can come across ambiguities in the association of symmetries
with constants of the motion (Morandi et al., 1990). It is well known that such
association is provided by Noether’s theorem. The object of the present work is to
envisage an in-depth study for the relation between symmetries and conservation
laws of newtonian systems which can be analytically represented by alternative
Lagrangians. We shall express the symmetries in the form of generators and
construct the concommitant constants of the motion. We shall also try to interpret
our results in physical terms.

In the classical Noether theorem, if a given system of differential equations
follows from the variational principle, then a continuous symmetry transformation
(point, contact or higher order) that leaves the action functional invariant to within
a divergence yields a conservation law. The proof of this theorem requires some
knowledge of differential form, Lie derivatives and pull-back (Olver, 1993). Use of
similar sophisticated mathematical tools is also required to study the ambiguities
in the association of symmetries with constants of the motion. In particular, one
needs to work with the geometry of the tangent bundle over a differential manifold
(Morandi et al., 1990). In our work we shall, however, carry out the symme-
try analysis by using a relatively simpler mathematical framework as compared
to that of the algebro-geometric theories (Morandi et al., 1990; Olver, 1993).
In fact, we shall make use of some point transformations that depend on time
and spatial coordinates. The approach to be followed by us has an old root in the
classical-mechanics literature. For example, as early as 1951, Hill (1951) provided
a simplified account of Noether’s theory by considering infinitesimal transforma-
tions of the dependent and independent variables of the particle dynamics or field
theory. In the recent past Struckmeier and Riedel (2002) used a similar approach
to study the Noether and Lie symmetries for the time-dependent Kepler problem.
An obvious virtue of their approach is its simplicity and directness. We shall study
the relation between symmetries and conservation laws with special emphasis
on (i) two uncoupled Harmonic oscillators and (ii) Harmonic oscillators coupled
by an interaction. The equations of motion of these systems can have alternative
Lagrangian representations. We are primarily interested to examine how does the
association between symmetries and conservation laws change as we go from one
Lagrangian representation to the other.
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In Section 2 we present the results for the Lagrangians and corresponding
Hamiltonians. We outline in Section 3 our scheme for symmetry analysis by the
use of Noether’s theorem. We devote Sections 4 and 5 to present the main results
of this work for the relation between symmetries and conservation laws in the
presence of alternative Lagrangians. Our results also include the generators of the
symmetry transformations together with the algebra satisfied by them. Moreover,
we present all appropriate results for constants of the motion. Finally, in Section
6, we summarize our outlook on the present work.

2. ANALYTIC REPRESENTATIONS IN CONFIGURATION - AND
PHASE SPACE

The representation of physical systems in terms of Lagrangians and Hamil-
tonians often goes by the name analytic representation (Santilli, 1978). Here we
shall construct analytic representations for the systems in (i) and (ii) with a view
to use them for symmetry analysis. First we consider the uncoupled oscillators
represented by

Gi +’q =0 (2a)
and
Gr+a’qa =0 (2b)

with w, the eigenfrequency of the identical system in (2). Here ¢; stand for the
generalized coordinates and overdots denote differentiation with respect to time.
It is easy to see that (2) can be analytically represented in the configuration space
by using the alternative Lagrangians

| . 1
L =5t +43) = 50 (a7 + 42) (3a)
and
L' = §g1¢r — &*q1¢a. (3b)

We have used the superscripts d and a on L to denote direct and alternative
representations presumably because L? when substituted in the Euler-Lagrange
equation in g; or ¢, gives the equation of motion for g, or g, while L* does the
opposite. The Euler-Lagrange equation in g; gives the equation of motion for ¢,
and the conversly. The Lagrangians L and L¢ are not connected by a gauge term
such that the results in (3) refer to the alternative Lagrangians of the uncoupled
oscillators in (2). The Hamiltonians for the Lagrangians in (3a) and (3b) are given
by

H! =

2 2 1
(pi’ +p§ ) + 50 (4f +43) (4a)

N =
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and
H® = p{p5 + 0’ q14>. (4b)

with the canonical momenta p{ = ¢, p§ = G2, p% = ¢» and p§ = q.

The second system of our interest consists of two one dimensional harmonic
oscillators coupled by an interaction —aq g2, with «, the coupling constant. The
equations of motion are (Landau and Lifshitz, 1982)

g1+ @*q1 = aq (5a)
and
G + &’ = aq. (5b)

As with the equations in (3) the alternative Lagrangians representing (5) can be
written as

L' = % (97 +dz) — %aﬂ (a7 +43) + 0o (6a)
and
L= 4142~ 0’0102+ 5 (a7 +43). (6b)
The corresponding Hamiltonians are given by
H!= % (p‘fz + p‘f) + %wz (af +43) —aq19> (7a)
and
H' = pips +oaiq — 5 (a7 +43). (7b)

3. SYMMETRIES AND CONSERVATION LAWS

We shall study the infinitesimal criterion for the invariance of a variational
problem under a group of transformations that map ‘points’ in configuration space
(g, t) into their infinitesimal neighbourhood (¢', ¢'). Here ¢ = {¢;}, i = 1,...,n,
stands for the set of generalized coordinates representing the dynamical system
under consideration and, as usual, ¢ is the time parameter. Formally, such point
transformations are represented as

V' =t+68t, &t =€ek@G,1), (8a)

qi' = qi +38qi, 8q; = €ni(q,1) (8b)
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with €, an infinitesimal parameter. Given the transformation rule for ¢g;, the corre-
sponding results for ¢; and §; are given by Struckmeier and Riedel (2002)

8¢ = €[ni(G. 1) — £(G, D] ©)
and
8g; = € [#i(q. 1) — 26(q, D)Gi — §(q. i) - (10)

Considering the variation of an arbitrary analytic function u(q, t) it is easy to
prove that

Su=¢€Uu(g,t) (11)
with
V=Gl 4 G (12)
- q7 8f — r]l 51, aql .

The operator U is the generator of the infinitesimal point transformations in (8)
and represents a vector field on (g, t) since it assigns a tangent vector to each
points within (g, ¢). A similar cosideration applied to v(q, ¢, t) gives

sv=eUMv(G,4q,1) (13)
with

UY =U+>" (0:(G. 1) — £@G. D))

i=1

i. . (14)
9q;
The presence of a% in (14) clearly shows that U" is the first prolongation (Olver,
1993) of U.

To write the Noether’s theorem we consider, among the general set of point
transformations defined by (8), only those that leave the action Ldt invariant. In
other words, we demand that

> 3 ! S, S
L(gi,qi, 1) = L'(q;, q], 1. (15)

In order to satisfy the condition in (15), we allow the Lagrangian to change its
functional form (L — L’). The functional relation between L’ and L may be
expressed by introducing a gauge function f(g,t) (Hill, 1951; Struckmeier and
Riedel, 2002) such that

1o S =y S/ df(-)vt)
L'GLG 1) = L@ G/ 1) — e =l (16)
From (15) and (16) we have
2 s - 4 df(g.t
L(G}.Gi 1) dt' = L(G:. Gi.1) di + € filqt 1. (17)
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On the other hand using L for v in (13) we have

LG4 1) = L. §i. ) + €UV LG G ). (18)
From (17) and (18) it is easy to see that
df(q,t) . IL oL .\ dL
=§&L - i i — i) — . 19
o 3 +sat+i:1 ”aqur(" éq)aqi (19)

In writing (19) we have made use of the results in (12) and (14). We, therefore, infer
that the action is invariant under those point transformations whose constituents &
and n; satisfy (19). The terms in (19) can be rearranged to write

d_1+Zn:( o .)<8_L_i8_L)_0 (20)
ar TS Gy " dag ) T
with
1=Zn:($f2i —Th)a—L—EL%-f(f},t)- 21
i=1 i

Along the trajectory of the system, the Euler-Lagrange equations hold good such
that the second term in (20) is zero. Thus I given in (21) is a conserved quantity or
a constant of the motion. The invariant given in (21) and the differential equations
for the gauge function in (19) is commonly known as the Noether theorem.

In the Hamiltonian formulation of classical mechanics the noether’s invariant
can be written as

1 =£G,0HG, p.1)— Y m(@ Dpi+ [, D). (22)

i=1

We have obtained (22) form (21) using the relation between H and L as given by
the usual Legendre transformation

. oy - L
LG, G, 1) =Y pigi — H@G, p, 1), pi= 90 (23)
i=1 !

In terms of the Hamiltonian the differential equation (19) now reads

d|. . - =~ . R
— ,HH(q, p,t) — i(q, t)pi , 0| =0. 24
dt[é‘(q JH(q, p, 1) ;77(61 i + f(q )} (24)
Clearly, the expression inside the squared bracket in (24) stands for the conserved
quantity given in (22). Equation (24) provides a natural basis to carry out Noether
symmetry analysis for Newtonian systems.
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4. NOETHER SYMMETRIES OF UNCOUPLED HARMONIC
OSCILLATORS

4.1. Direct Representation

We first perform the Noether symmetry analysis for the uncoupled Harmonic
oscillators represented by (2a) and (2b). Two alternative Lagrangians for the system
are given in (3a) and (3b) with the corresponding Hamiltonians being represented
by (4a) and (4b) respectively. The superscripts used in these equations are not
essential to carry out the analysis. Thus we shall omit them henceforth. For the
direct Hamiltonian in (4a), (24) can be written in the form

aif af af
3 +p 13q —i—l?zaq2
€ &3 9§ 2 2 2 2 2 2
+t3 <8t +p18q +pzaq (pi + Py +0'q; + 0’q))
o am U
( o1 +p 185] +P28q P1t+ @ niq:
dn an dan
(52 +Pi s+ | 2+ @ mg =0, (25)
at g aqn
In writing (25) we have made use of the canonical equations
. _9H . dH 5
Gi==p, p=-r=-0q (262)
ap1 9q1
and
oH oH
p=——=p p=-5-=-0'q (26b)
ap> 9g>

Equation (25) can be globally satisfied for any particular choice of the momenta
provided the sum of momentum-independent terms, the coefficients of linear,
quadratic and cubic terms in p; and p, vanish separately. Following this viewpoint
we write

w? o0&
Py —af +5 (@l +a) 5 +o'ma +olng =0, (27
af o’ 2 2 98 an
o=+ = — - — =0, 27b
P gt @) g (27b)
of | o? 2 2 08 an
: — — - —= =0, 27
R PR N G Pl (27¢)
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10 d
pre 108 _dm_ 27d)
20t dq
13 o
N ) 27
P2 5% T g (27¢)
d 0
pipr: —oL TR 271)
8(]2 8q1
1 3¢
pips a0 =0, (27g)
1 3¢
papi : 790 = (27h)
1 3¢
3 .
. ——=0 27
P1 29a1 (271)
and
1 9¢
3 .
. ——=0. 27
)2 290, (27)

Equation (27a) signifies that we have equated the sum of p-independent terms to
zero while (27b)—(27)) have been obtained by equating the sum of the coefficients
of pi1, p2, pf etc to zero. From (27g)—(27j) we see that £ is not function of ¢; and
q> . Thus
§(q1, q2, 1) = &(1) = (1) (say). (28)
Sum of (27d), (27e) and (27f) can be written in a compact form
2 2
1.0 on;
> (505 ge) =0 @
i=1 j=1 qj
Equation (29) will be satisfied globally if g% cancels the term %Si £ uptoa
constant element a;; of an antisymmetric matrix (g; ;) such that
an;
qu
In writing (30) we have made use of (28). Equation (30) can be integrated to get

|
= §5ijﬂ(t)+aij ajj = —aj;. (30)

R 1, 2
ni@, 0 = 5 Bai+ Vi) + Y aig;, 31)

j=1
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where ¥;(¢) is a constant of integration. In view of (28), we can write (27a), (27b)
and (27c¢) as

if @ 2 2\ 4 2 2 _
5t 5 @+ @) B+ mar+o'ng =0, (32)
a d
of _dm_ (33)
g1 ot
and
a d
of _m_, (34)
aq> ot
For n;(q, t) in (31), we see that
I R .
f= thﬁ + ZQzﬂ + v1q1 + VY2q2 (35)

represents a general solution of (33) and (34). Using the expressions for n; and f
from (31) and (35) in (22) we obtain the invariant / in the form

I'=1g+ 1y + 1y, + I, (36)
where
1,y s 1 .
Iy =7 (a1 +43) B — 5 @pi+ap)p
1
+5 (Pl + P} + @’qi +0’43) B, (37a)
Ly, = Viqi — ¥ipi, i=1,2 (37b)
and
I, = —ang2p1 — an1q1p2. (37¢)

In writing (36) we also used (4a) and (28). Each of the I’s in (37) is expected to
form a separate constant. This can be seen as follows.
Substituting the values of ; and f in (32) we get

Jg + Jy, + Jy, + J, =0, (38)

where

1 - )
Js = (g7 + q3) (Z B +w2ﬂ) : (392)

Ty, = (Vi + ™ Vi) qi i =1, 2 (39b)
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and

Jo = &* (@q192 + a214192) - (39¢)

Using the appropriate Hamilton’s equations it is easy to verify that

/ Jﬁdl‘ = Iﬁ (40a)
and

f Jydt =1y, i=1,2. (40b)

Equations (40a) and (40b) verify our conjecture. The matrix (a[ j) is antisymmetric.
Therefore a;; = a» = 0and a;, = —ay; . Thus for the two dimensional case under
consideration (ai J-) can not contain more than one independent element. In view
of this (39¢) becomes identically equal to zero and (37¢) gives

I, =q1p2 — q2p1 for app=1. (40c¢)

The special values of B(f) and v;(¢) can be obtained from

Jg=0 (41a)
and
Jy, = 0. (41b)
Equations (41a) and (41b) give
B=1 and p* =4 (42a)
and
yE = i =1, 2. (42b)

The generators of the symmetry transformations leading to the conserved quanti-
ties in (37) can be obtained by using the values of £(¢) and 1;(g , t) from (28) and
(31) into (12). Thus we have

U=U5+U¢i+Uu, 43)

where
1 .0

0 1 .
Us = B~ 4+ ~qif— + ~quf—, 44
[ ﬁat + quﬂaq1 + 242,3an (44a)

Uy =¥i—, i=12 (44b)
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and
1 0 0
«=q— —qiy—.
28611 13(]2

For 8 = 1, the invariant (37a) reduces to

Ig—y = H(= Hg).

1239

(44c¢)

(45a)

Understandably, (45a) represents the well known result that the instantaneous
system energy is given by H when the Hamiltonian does not depend on time
explicitly. The corresponding generator of the symmetry transformation from

(44a) is the time translation operator
0

Up_1 = —. 46a
p=t = o (46a)
For B = e the invariant I4 gives rise to two real invariants
1
Ip = Rely—pioer = 3 (P} + p3 — 0’q] — ©°¢3) cos2wt
+w(q1p1 + g2p2) sin2wt (45b)
and
1
Igr = Imlg_ 2ien = 3 (pf + pi — g} — a)zqzz) sin2wt
—w (q1p1 + g2p2) cos2wt. (45c¢)
The generators of /g1 and /4 as found from (44a) are given by
Uﬂl = ReUﬂ:E+2iw1
d ) 0 . d
= cos2wt — — wq Sin2wt — — wq, Sin2wt — (46b)
ot g1 g2
and
U/gz = ImU/3=€+2iwz
. 0 0 P
= sin2wt — + wq cos2wt — + wq, cos2wt —. (46¢)
at dq1 94>
For 8 = ¢%“" | the results similar to those in (45b), (45¢) and (46b), (46c)
read

1,33 = ReIﬂ:e”li“’t = Iﬁ's

Iﬂ4 = Im[,gze—znur = —Iﬂz

(45d)

(45¢e)
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and
U'33 = ReUIB:e—Ziwr = Uﬁl, (46d)
U,B“ = ImUﬂ:e-zm = —Uﬁz (466)
From (37b), (42b) and (44b) we get the following invariants and generators.
Iy = Rely,_ovior = —py COSOI — G sinwt, (45f1)
I\I,]z = Imly, — i = —p; sinwt + wq; coswt, 45g)
d
Uy = ReUy, —p+ior = cOSOt —, (46f)
! 9q1
. ad
Uy = ImUy, —ptior = smwta—ql, (46g)
I\I/iz = Relx/jlze’i“” = I\I‘II’ (45h)
I\y? e Im[lﬂlze’[“” = _I\I,IZ, (451)
U\I/? = Rerlze—uul = Uq,ll, (46h)
U\[I? = Imleze—izuz = _U‘"Illz’ (461)
I\I,z] = Rely,— i = —p; cOSWI — wq; Sinwt, (45j)
lyz =Imly,_ v = —p) sinwt + wgq; coswt, (45Kk)
U ReU t 9 46j)
1 = ReUy,, —,+ior = COSWE—,
v, Yr=et an )
. 0
Uq,22 = ImU,/,Few = Sll’la)ta—qz, (46k)
1\1,23 = Rely,—e-i = Iy, 451
Illlé = Imllﬁ'zze_i"” = —1\1,22, (45m)
U\I,; =ReUy,_,-ion = Uq,zu 46l)

and

Ulp;‘ = ImUvjzze—imr = —U\I,ZZ (46m)
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Table I. Commutation Relations for the Generators in (47). Each element G;; in the Table Being
Represented by G;; = [G;, G|]

G Gy G3 Gy Gs Ge Gy Gg
G 0 20G7 wGy wG3 wGg wGs 200G, 0
Gy —2wGy 0 —wG3 wGy —wGs wGg —2wG 0
G3 —wGy wG3 0 0 0 0 wGy —Gs
Gy —wG3 —wGy 0 0 0 0 —wGj3 —Gg
Gs —wGg wGs 0 0 0 0 wGg G3
Ge —wGs —wGg 0 0 0 0 —wGs Gy
G7 —2wG, 200G —wGy wG3 —wGg wGs 0 0
Gg 0 0 Gs Gg —G3 -Gy 0 0

In the above the odd and even superscripts on 8 and ; refer to real and imaginary
part of the invariants and the generators as the case may be. From (44c) and (46a)—
(46m) we find that there are only eight linearly independent group generators
given by

G, = Ug, G2=U/32, G3=Uq,ll and G4=U\[,12. (47a)

G5 = Uq,zl, G@ = U"I’zz’ G7 = Uﬁzland Gg =U,. (47b)

We have already point out that G; represents the generator of the symmetry
transformation that conserves the total energy of the system. We further note that
Gs is a generator that arises due to rotation in the (g;, ¢») plane. The system
is rotationally invariant and the corresponding conserved quantity is the angular
momentum given in (40c). For ¢, = ¢, equations in (2a) and (2b) reduce to the
equation for a single oscillator. In this case, the generators G5 and G¢ coalesce
with G3 and G4 respectively. The generator Gg vanishes altogether. This leaves
us with only five linearly independent group generators of the one dimensional
Harmonic oscillator (Lutzky, 1978). The algebra of our eight parameter Lie group
is given in Table I.

To each of the one parameter subgroups in Table I there corresponds a constant
of the motion (C;). More explicitly, we write

Ci=1Ip, C=Ip, C3=I\I/1‘ and C4=I\I,12. (48a)

Cs = Iy, Cs=1Iy2, C7 =15y and Cs = I,. (48b)

In (48), besides Cs, the other conserved quantities that can be treated as indepen-
dent are C3, Cy4, Cs and Cg. It is easy to show that

1 1
C = 5 (C3—C3)+ 3 (c:-c3), (49a)

Cr, = C3Cy + C5C (49b)
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and
1
Cr=>5 (C3+C+C+C). (49¢c)
Elimination of p; between C; and Cy4 yields
C C
q1 = =2 coswt — —2 sinwt. (50a)
1) 1)
Similarly, we have
C C
g = =8 coswt — =2 sint. (50b)
1) 1)

Since g; and g, represents the general solution of the uncoupled Harmonic oscil-
lators in (2a) and (2b), the system is completely specified by the four-parameter
Abelian symmetry group generated by G3, G4, G5 and G¢. We have seen that
invariance of the system under Gg leads to the conservation of relative angular
momentum in (40c).

4.2. Alternative Representation

In the above we studied the Noether’s symmetries of the uncoupled Harmonic
oscillator by using the direct Lagrangian given in (3a). We shall now carry out
a similar analysis by taking recourse to the use of the alternative Lagrangian
in (3b) and examine in some detail how the association between symmetries and
conservation laws is affected as we go from direct representation to an inequivalent
one.

The Hamiltonian corresponding to the Lagrangian in (3b) is given by (4b).
Using this Hamiltonian in (24) we find that £(q, ¢, t) is not a function of g; and
q» such that it could again be represented by (28). The quantities n; also formally
satisfy the equation in (31) with the exception that (ai j) is now a traceless diagonal
matrix. This allows us to write the gauge function f in the form

1 .. . .
f= 5‘11612ﬂ+1ﬂ1612+1ﬁ2q1~ (51)

The invariant quantity / can again be represented by (36) but with Ig, I, and I,
redefined as

1 ..

1 .
Iy = 56116]2,3 —3 (@ip1 + 2p2) B+ (P12 + ©*q192) B, (52a)

Iy, = Y192 — Y pr, (52b)

Iy, = Vg1 — Yapa (52¢)
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and

I, = —anqip1 — anqgps. (52d)

As with our previous analysis each of the I’s forms a separate constant with the
corresponding J’s being given by

1
T = 50192 (ﬁ +4a)2,3> , (53a)
Ty, = q (V1 + 0*Y1) (53b)
Ty, = q1 (V2 + &) (53¢)
and
Jo = o (anq192 + anq142) . (53d)
Since (a;;) is traceless (a1, = —aa,), J, is identically zero. If we choose a1 = 1,
we get
I, = qp2 — q1p1- (54)

The special values of () and v;(¢) obtained from (41a) and (41b) are again given
by (42a) and (42b). Using these values we can construct eight linearly independent
group generators. Except for Gg all other G;’s,i = 1, 2, ..., 7,coincide with those
given in (47). The generator

0 b
Gs=q1— — qgrp— (55)
8 = (41 9 q2 00

has the corresponding conserved quantity given in (54). Thus Cg = I, and we
write

Cs =qp» — q1p1. (56)

As with (40c) we recognize (56) as the relative angular momentum. Since Gg
is a squeezing operator, the conservation of angular momentum in the present
case results from invariance of the system under squeeze. Thus the alternative
Lagrangian representation brings in a point of contrast for the association of
symmetries and conservation laws with the corresponding result found by using a
direct analytic representation. For the direct representation, the angular momentum
conservation arises due to invariance of the system under rotation. Although
the results for G;’s for i =1, 2,...,7 in both representations are equal, the
corresponding conserved quantities are different in form. The results for C;’s read

Ci = (p1p2 — ©*q1g2) cos20t + @ (q1p1 + q2p2) sin2wt, (57a)

C, = (p1p2 — wquqz) sin2wt — w (g1 p1 + g2 p2) cos2wt, (57b)
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Table II. Commutation Relations for the Symmetry Generators of the Alternative Lagrangian
in (3b). As in Table I Each Element G;; = [G;, G|]

G Gy G3 Gy Gs Ge G7 Gg
G 0 2wG7 wGy wG3 wGg wGs 2wGy 0
Gy —2wGry 0 —wG3 wGy —wGs wGg —2wG1 0
G3 —wGy wG3 0 0 0 0 wGy Gs
Gy —wG3 —wGy 0 0 0 0 —wG3 Gy
Gs —wGg wGs 0 0 0 0 wGg —Gs
Gg —wGs —wGg 0 0 0 0 —wGs —Gg
Gy —2wGH 2wGy —wGy wG3 —wGg wGs 0 0
Gg 0 0 —G3 -Gy Gs Gg 0 0
C3 = —pj coswt — wqs sinwt, (57¢)
Cy = —p; sinwt + wq, coswt, (57d)
Cs = —py coswt — wq sinwt, (57e)
C¢ = —pa sinwt + wq coswt (57f)
and
2
C;=pip2 + 0 q19>. (57g)

From (47b), (48b) and (57g) it is clear that the association of invariance under
time translation with the conservation of total energy is independent of the choice
for Lagrangian representation. We present in Table 2 the algebra of the eight
parameter Lie group for the alternative Lagrangian representation.

It is easy to see that in the appropriate limit the results given in Table 2 go
over to those for linear one dimensional Harmonic oscillator (Lutzky, 1978). The
solution of uncoupled oscillators can be obtained as

C C
q1 = et coswt — — sinat. (58a)
1) 1)
Similarly, we have
C C
g = =% coswt — =2 sinwt. (58b)
w w

The conserved quantities C3, Cy4, Cs, Cg are given in (57¢)—(57f). Comparison

of (50) and (58) exhibits that matrices L( Cs C4) and 1( Cs C6) operate on the
o Cs5 Cg o Cy Cy
—sinwt
vector (
coswt

square matrices merely reflects the difference in the association for Euler-Lagrange

) to give the solutions (Zl ). The interchange of rows in these
2
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equations and equations of the motion for the direct and alternative Lagrangian
representations.

5. NOETHER SYMMETRIES OF COUPLED HARMONIC
OSCILLATORS

In (6) and (7) we have presented results for direct and alternative analytic
representations of the coupled Harmonic oscillators. Studies in the symmetry
properties of coupled oscillators have become an active branch of mathematics
with application in physics (Han et al., 1995). An oscillator with one type of
free vibration has a single natural frequency. On the other hand, two coupled
oscillators can exchange energies between them and vibrate in several ways leading
to multiple resonant frequencies often called the normal modes of the system. Thus
it will be an interesting curiosity to envisage a study on the symmetry analysis
of the coupled oscillators with a view to bring out the points of contrast and
of similarity between the results of the coupled system with the corresponding
results of the uncoupled one. As with our analysis for the uncoupled oscillators
we devote two separate subsections to present results for the association between
symmetries and conservation laws as obtained by the use of direct and inequivalent
Lagrangians.

5.1. Direct Representation

To carry out the symmetry analysis by using the direct representation we use
(7a) in (24) to get

i fﬂ

P2
8q2

+P2 + o ‘11 + o q> _20“]16]2)

1
2
an an an
- <—1 + p17] + p271 p1+m (0’q1 — aga)

t 9q1 9q>

a2 an2 a2
(22 p g 0 - 0. (59
<8t +p18q1+p28q pr+m (0’ —agq) = (59)

In the limit of no coupling (¢ = 0), the equation in (59) goes over to that in
(25). From (59) we can construct equations similar to those in (27). The coefficients
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of p?, p1 and p, give

of ? & 0&
0 2 2 2
D=+ — —= =2 —
Pia Y + ) (CI1 +‘]2) Y og1492 Y + o mq
+ ’nagy — aniqy — anyg; =0, (60a)
af w? 2 2 0§ an
S — - — - —=0 60b
LR (97 + ) 5~ —eqq ba (60b)
and
of @t 5 o 0% 05 om
Do+ = — - — - —=0. 60
R (¢ +43) P > (60c)
The other equations obtained from the coefficients of p%, ey pg are exactly the

same as those given in (27d)—(27]j) and lead to (28) and (31). From (28) and (60)
we get
of o

wts (g7 +a3) B —2aqiq2p + m (0*q1 — aq»)

+m (0°q2 — agi) =0, (61)

and two other equations which are exactly the same as those given in (33) and (34)
such that the value of f is once again given by (35).

We now use the values of H and f form (7a) and (35) in (22) to get the
invariant in the form (36). In this case

1, 1 .
Iy = 7 (a1 +a3) B — 5(‘11191 +q2p2) B
1
+§ (pf + p3 + @’qi + 0’ g5 — 20q192) B. (62)

The results for Iy, and I, coincide with the the expressions in (37b) and (37c).
In close analogy with our treatment of the uncoupled Harmonic oscillators, it is
straightforward to see from (35) and (61) that each of Ig, I, Iy, and I, forms
a separate constant. It is interesting to note that the effect of coupling on the
conserved quantity enters only through /g. From (41a) and (41b)

/3 — 1’ /3 — e:t2a)1t’ ﬂ — eiszt (633)
and

Y= et gk = e (63b)
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where w; = v/@? — a and w; = v w? + « stand for the resonant frequencies of
the coupled oscillators. In the absence of interaction the values of 8 and ¥; in (63)
go over to those in (42). For the values of 8 and ¥; given in (63a) and (63b) we
have obtained following conserved quantities

C1 = R61ﬂ=e+2m1r
1
=3 (Pt + p3 — @*q7 — 0’q; — 2(q192 — 47 — q3)) cos2wit
+w1 (g1 p1 + q2p2) sin2wit, (64a)

C2 = Imlﬂ:e+2iw11‘

1 .
== (pi+p) —0’q] —0°q; —20(q192 — 47 — 43)) sin2wy1

2
—w1(q1p1 + q2p2) cos2w 1, (64b)
C3 = Rely, _ +on = —p1 coswit — w1q; sinwt, (64c¢)
Cy =Imly, _ +ior = —py sinwt + w1q; coswit, (644d)
Cs = Rely,_,+io = —pa coswit — w1qz sinwt, (64¢e)
Ce = Iml,_ +ior = —po sinw|t + w1q; coswi 1. (64f1)
Cr=1Ip_ = % (P + 3 + 0’4} + ©*q; — 20q142) (64g)
Cs = 1. =qi1p2 — q2p1. (64h)

Cg = Relﬁ:e+2im2r

(P} + p3 — 0’q} — 0*q3 — 20(q192 + 4} + ¢3)) cos2wat

N —

+w2 (q1p1 + q2p2) sin2awot, (64i)

C10 = Imlﬁ:e+2iw21

(p} + p} — 0’q} — a3 — 20(q192 + g} + ¢3)) sin2wat

N | —
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—w2 (11 + q2p2) cos2wt, (64))
Ci1 = Rely,_ iy = —p1 cOSwyt — waq1 Sinwyt, (64k)
Ci2 = Imly _,+ioy = — py sinwyf + wrq) coswmnt, (641)
C13 = Rely,_ +ioy = —p3 cOSwat — wq; sinwst (64m)
and
Ciy =Imly,_ ey = —pa sinwat + waqz cOswyt. (64n)

Fourteen linearly independent symmetry generators associated with the above
conserved quantities are given by

0 d d
G =cos2wit — — w141 sin2w it — — wq> sin2w t —, (65a)
ot 9q1 g2
. a 0 9
G, = sin2wit — + w1q; cos2wit — + w1qo cos2wit —, (65b)
Jt 94 992
0
G3 = coswt—, (65¢)
g1
. 0
G4 = sinw t —, (65d)
9q1
0
Gs = coswt —, (65¢)
9g2
. a0
Gg = sinwit —, (65f)
g2
0
G = —, 65
7 Y (65¢g)
0 0
Gs=gp— — q1—, (65h)
8 =42 g q1 90
9 . ] ) a .
Gg = cos2wrt — — wrq; Sin2wrt — — wr o Sin2wyt —, (651)
at 9g1 g2
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a ad ad
G1o = sin2wat — + wyq1 coS2wyrt — + wrqn COS2wat —, (65j)
at dq g2

d
G = coswrt—, (65k)
aq1
. 0
Gy = sinwt —, (651)
q1
0
G113 = coswrt — (65m)
0q2
and
. 9
G4 = sinwot —. (65n)
g2

As expected, in the limit of no coupling, we get from (64a)—(64n) only eight
linearly independent generators as given in (47). In this context, we also note that
the conserved quantity C; represents the total energy of the coupled oscillators
and is associated with the time translation invariance of the system. The invariant
quantity Cg stands for the relative angular momentum. Since Gg represents a
rotation operator, here conservation of angular momentum arises due to rotational
invariance. The commutation relations for the generators of the coupled oscillators
are schematically shown in the Table III.

In this Table A(w)) represents the entries in Table I with the last two rows
and columns being deleted. Also we have to use w; for w. The square array of
commutators in A(w,) carry a similar meaning. When the 2 x 2 null array is
appropriately included, the rectangular arrays B(w;) and B(w;) will stand for the
rows and columns which were deleted in writing A(w;) and A(w,). In contrast to
the commutators in A’s and B’s, the commutators in C depend on both w; and
w, and we have used C = C(w;, wz). Amongst the square array of commutators
contained in C(wq, w,) we have

[Gi,G;j]=0 for i=3,...,6, j=11,...,14. (66)

The other commutators, [G;, G;1, i =1,2, j=9,...,14 go over to the en-
tries in Table I for [G;, G;], i =1,2, j=1,...,6. Similarly [G;, G;], i =
3,...,6, j =9, 10 coincide with the commutators [G;, G,], i =3,...,6, j =
1, 2 in Table I. This serves as a useful check on the symmetry analysis presented
for the coupled oscillators using the Hamiltonian of the direct representation.
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5.2. Alternative Representation

Here we work with the Hamiltonian in (7b). For this Hamiltonian f, I,
I, and I, come out exactly in the same form as given in (51), (52b), (52c) and
(52d) for the alternative representation of the uncoupled Harmonic oscillators. The
effect of the coupling enters only through /g written as

1 .. 1 .
Ig = 5611612,3 ~3 (@1p1 +q2p2) B

2 @ 2, 2
+ (P12 + 0’102~ S0t + D)) . (67)
with values of B given in (63a). For these 8 values we find the conserved quantities

C1 = Relﬁ:e+2iw]r

o

5 (47 +q3 — 4q1qz)) cos2wt

= (Plpz - w2611612 -
+ w1 (q1p1 + q2p2) sin2wyt, (68a)
Coy = Imlg_ 2oyt
= (Plpz — 0’ q1qp — %(6112 +4q5 — 461142)) sin2w;t
— w1 (q1p1 + q2p2) cos2wit, (68b)
Cr=lpi = p1p2 + O q1q2 — %(6]12 +43), (68c)

Cg = Relﬁ=e+2iw2r

o
= (Plpz - w2€11‘]2 - E(qlz + q22 + 4q1qz)) cos2wnt
+ w2 (q1p1 + q2p2) sin2wot (68d)
and
Cl() = Imlﬁ:e+2m21
a .
= (Plpz - w2611f]2 - 5(6112 + q22 + 4q1q2)> sin2w;t

— w3 (q1 p1 + q2p2) cos2wyt, (68¢)
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with the corresponding generators given in (65a), (65b), (65g), (65i)and (65;j),
respectively. In particular, G7 in (65g) is a time translation operator such that Cy
represents the total energy of the system. Comparison of the results in (64g) and
(68c) clearly shows that the total energy of the system is expressed in different ways
for the direct and alternative phase-space representations. We have noted above that
(52d) remains invariant as we go from uncoupled to coupled representations. This
implies that we have again Cgs = g, p» — g1 p; as the relative angular momentum
of the coupled system. The corresponding generator is the squeezing operator
given in (55).

6. SUMMARY AND CONCLUDING REMARKS

Noether’s theorem provides a one-to-one correspondence between the sym-
metry properties and conserved quantities of a dynamical system. We have chosen
to work with a theoretical framework which attributes the reason for this to the
properties of some auxiliary equations which can always be written in the form of
a total time derivative. This realization for the auxiliary equations allowed us to
examine how the association between symmetries and conservation laws changes
as one alters the Lagrangian representation of the system.

We carried out the Noether or variational symmetry analysis for two uncou-
pled Harmonic oscillators as well as two such oscillators coupled by an interaction.
Each of these newtonian systems can be analytically represented by two different
Lagrangians which are not connected by a gauge term. These are the so-called
alternative Lagrangians. For brevity, we called one of the Lagrangians as direct
and the other as alternative. Irrespective of whether the representation is direct or
alternative, we found that there are eight conserved quantities for the uncoupled
harmonic oscillators. We also worked out the generators of the symmetry trans-
formations that lead to these conserved quantities and studied the associated Lie
algebra. This allowed us to construct the solution of the system. For the direct rep-
resentation we found that the conservation of total energy follows from invariance
of the system under time translation. This is also true for the alternative Lagrangian
representation. But so far as the conservation of angular momentum is concerned
the situation is quite different. For the direct representation the conservation of
angular momentum follows from rotational invariance while for the alternative
representation such a conservation is related with invariance of the system under
squeeze.

As opposed to the uncoupled system, the coupled oscillators are charac-
terized by fourteen invariant quantities. Referring to the conserved quantities in
(64), we see that, in the limit of no coupling, C;, C,, C3, C4, Cs and Cg coincide
with Cy, Cyg, C11, C12, C13 and Cy4 respectively and finally, we are left with only
eight conserved quantities as given in (48). This comment made in the context of
direct analytic representation is equally true for the alternative representation. It
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is found that the interaction does not affect the association between symmetries
and conservation laws.
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